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Abstract

A family of finite end filters is constructed using a minimum revisions criterion
and based on a local dynamic model operating within the span of a given finite
central filter. These end filters are equivalent to evaluating the central filter with
unavailable future observations replaced by constrained optimal linear predictions.
Two prediction methods are considered; best linear unbiased prediction and best
linear biased prediction where the bias is time invariant. The properties of these
end filters are determined. In particular, they are compared to X-11 end filters and
to the case where the central filter is evaluated with unavailable future observations
predicted by global ARIMA models as in X-11-ARIMA or X-12-ARIMA.
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1 Introduction

Many seasonal adjustment procedures decompose time series into trend, seasonal, irregular
and other components using non-seasonal finite moving-average trend filters. This paper
is concerned with the extension of the finite central moving-average trend filter used in
the body of the series to the ends where there are missing observations.

For any given finite central moving-average trend filter, a family of end filters is con-
structed using a minimum revisions criterion and a local dynamic model operating within
the span of the central filter. These end filters are equivalent to evaluating the central
filter with unavailable future observations replaced by constrained optimal linear predic-
tors. Two prediction methods are considered. Best Linear Unbiased Prediction (BLUP)
and Best Linear Biased Prediction, where the bias is time invariant (BLIP). The BLIP
end filters are shown to be a generalisation of those developed by Musgrave (1964) for the
central X-11 Henderson filters and include the BLUP end filters as a special case.

The theoretical properties of BLUP’s and BLIP’s are examined. In particular, it is es-
tablished that the BLIP end filters generally have smaller mean squared revisions than
the BLUP end filters. However, unlike the BLUP filters, the BLIP filters are no longer
independent of the parameters in the local dynamic model and so, in practice, it is possi-
ble that a mis-specification of these parameters will lead to BLIP end filters with greater
mean squared revisions than BLUP end filters. The effects of such mis-specification are
discussed. Comparisons are also made between these end filters and the Musgrave end
filters used by X-11, and the end filters obtained when the central filter is evaluated with
unavailable future observations predicted by global ARIMA models. The latter parallels
the ARIMA forecast extension method used in X-11-ARIMA (Dagum (1980)) and X-12-
ARIMA (Findley et al. (1998)). Finally these filters are evaluated on some New Zealand
time series.

2 Local dynamic model

The conventional paradigm for trend filter design is to consider a moving window of
n = 2r 4+ 1 observations within which an estimate of the trend is to be calculated for the
central time point.

Within the finite window we choose to model the observations as

Yo = gt + €& (1)
where the trend g; is given by
p .
g = Bt +&, (2)

§=0

and ¢ is a white noise process with variance o?. The zero mean stochastic process &, is
assumed to be correlated, but uncorrelated with ¢;, and &, ¢; are assumed to be not both
zero. In particular we consider the situation where the §; and o are parameters local to
the window, but p, n and the model for & /o involve global parameters which are constant
across windows. Thus, although the parameters involved with the mean and variance
of y; vary across windows, the autocorrelation structure of y; will be a function of time
invariant parameters in addition to time itself.



Loosely speaking, the finite polynomial is intended to capture deterministic low order
polynomial trend whereas &; is intended to capture smooth deviations from the polynomial
trend. Note that it is the incorporation of & which distinguishes this local model from
the standard situation where it is zero. Among the anticipated benefits of including &; are
lower values of p and improved performance at the ends of series, in particular the recent
end.

Because the window is not likely to be large the model will need to involve as few pa-
rameters as possible on the one hand, while allowing for a sufficiently flexible family of
forms for g; on the other. With these points in mind we choose to model & as a (possibly
integrated) random walk with initial value zero. In particular, if A denotes the backwards
difference operator satisfying AX;, = X; — X; ;, we have in mind the situation where
APtlg, = APHLE, is a zero mean stationary process within the window. In keeping with
this rationale, we shall always assume that the levels of integration of the random walk
components that make up & do not exceed p + 1.

This seems an appropriate and parsimonious model which should account for smooth
deviations from the deterministic polynomial trend component. It also provides a dynamic
trend model for g; which is essentially of the same form as that used in the global structural
models that have been successfully applied to economic and official data. See Akaike
(1980), Schlicht (1981),Hillmer and Tiao (1982), Gersch and Kitagawa (1983), Bell and
Hillmer (1984), Harvey (1989), Maravall (1993), Young et al. (1999) for example. For
these global models there is no need for special end filters since they are automatically
provided using the global model and, in most cases, recursive algorithms such as the
Kalman filter and smoother. The final trend filters implied by these global procedures
are infinite central moving-average filters. By contrast, here we consider local models and
the situation where the central moving-average trend filters are finite as is the case in
X11-ARIMA, X-12-ARIMA, SABL (Cleveland et al. (1978)) and STL (Cleveland et al.
(1990)).

In the local linear case p = 1 a simple dynamic model for g; is given by

Yyt =9gr+ 6 =P+ bt +& + & (3)
where 3y, §1 are constants and &, is a simple random walk satisfying
§=&-1+m

with & = 0. Here Ag; = 81 +n; and ¢, n; are mutually uncorrelated white noise processes
with variances o and o7 = Ao respectively. In the local quadratic case p = 2 a simple
dynamic model for g; is given by

y=g+e=P0—+5t+ 5t +&+ea (4)

where (g, 81, P2 are constants and &; is a simple random walk satisfying the same condi-
tions as in the local linear model. Preliminary analysis indicates that these models have
properties that can be regarded as representative of other more general models of the type
discussed above.

3 Trend filter design at the ends

Now consider a finite window of width n = 2r+1 points centred at time point ¢ and within
which the observations follow the local dynamic model given in Section 2. We consider
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the case where the trend g¢; is to be estimated by a given finite central moving-average
trend filter .
0= Welits- (5)
s=—r
In keeping with standard practice, we assume that the w; are constrained by the require-
ment that

E{Qt - gt} =0 (6)

so that g, is an unbiased estimator of g;. Note that this condition is equivalent to the
requirement that the w; satisfy

iwszl isjws=0 (0<j<p) (7)

so that the moving-average filter passes polynomials of degree p.

At the ends of series the central moving-average filter (5) will involve unavailable future
observations. How these missing observations should be treated is open to question.

A common and natural approach involves forecasting the missing values, either implicitly
or explicitly, and then applying the desired central filter. The forecasting methods used
range from simple extrapolation to model based methods, some based on the local trend
model adopted, others based on global models for the series as a whole. The latter include
the fitting of ARIMA models to produce forecasts (see Dagum (1980) in particular). The
principle of using prediction at the ends of series seems a key one which goes back to
DeForest (1877). See also the discussion in Cleveland (1983), Greville (1979) and Wallis
(1983).

Yet another way to handle the missing values in the window is to employ additional
criteria specific to the ends of the series. An important requirement, especially among
official statisticians, is to keep seasonal adjustment revisions and therefore trend revisions
to a minimum as more data comes to hand. Thus, at the ends of series, a natural criterion
to consider is .
Rq = E{( Z WsYtts — gt)Q} (8)
S=—rT

where g; is a predictor of g, = >_'__, wsy4s based on the data available. In general, given

a history of observations yi, ..., yr, it is evident that R, is minimised when
T
G = Wltts 9)
s=—r
where 4.5 = E(yiis|y1,---,yr) denotes the best predictor of y;,s in the usual mean

squared error sense. Thus there is a close relationship between the minimum revisions
approach and that of forecasting the missing values in the window.

The minimum revisions strategy appears to have been originally proposed by Musgrave
(1964) for the case where g is restricted to be linear in the observations within the window.
(See the discussion in Doherty (1991).) This approach has also been adopted by Lane
(1972), Laniel (1986) and will also be adopted here. Geweke (1978) and Pierce (1980)
established the result (9) for the case where g; is linear in past values of the time series
(not just those within the window) and where the time series follows an appropriate global
model. However the argument leading to (9) shows that in general g, and hence gy,
need not necessarily be linear in the observations.
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In this paper we adopt the minimum revisions strategy based on the moving window
paradigm and the local dynamic trend model of Section 2. At the ends of the series we
choose to predict g, = >_%__, wsY+s by a linear predictor of the form

Y

gt = Z UsYi+s (10)
S=—r
where ¢ =T —t with 0 < ¢ < r, T denotes the time point of the last observation and the
u, are dependent on g. We shall consider two cases. The first imposes the condition that
gt be an unbiased predictor of Y.\ wsyiys. The second weakens this requirement by
considering biased predictors such as those developed by Musgrave (1964) for X-11 (see
in particular Doherty (1991)).

3.1 Unbiased predictors

If §; is to be an unbiased predictor of -7 wsy;4s given by (5) and (7), then the uy must
satisfy

g g
du,=1 > g =0 (11)

where 0 < j < p. Thus the asymmetric moving-average filter implied by (10) passes
polynomials of degree p. Moreover R, is now given by

R,=Vv'E;v (12)
where v has typical element
Ve = Ws — Us (_T S S S CI) (13)
S w (g<s<r)
and
E1 = O'QI+Q. (14)
Here I denotes the identity matrix and the covariance matrix €2 has typical element
Qjr, = cov(&ers — & Sk — &) (15)

for —r < 5,k < r. Note, in particular, that €2 does not depend on ¢, the absolute value of
time indexing the origin of the window. This natural and important invariance property is
a consequence of (7), (11) and the assumption that the levels of integration of the random
walk components that make up & do not exceed p + 1.

For each ¢, appropriate values of the u, can now be determined by minimising R, subject
o (11). As we show below, this results in an end filter that satisfies a particular form of
(9) involving optimal prediction.

First consider predicting
,
Y = Z 6syt+s

s§=—1r
from y;_r,...yi4q by a linear predictor of the form

R q

Y= Z UsYt+s

S=—T
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where ¢ < r and the J, are arbitrary known values. Then, in terms of the local dynamic
model that applies in the window, Y is the best linear unbiased predictor (BLUP) of V" if
the u are chosen so that E(Y —Y') = 0 (unbiased prediction error) and the mean squared
error criterion E{(Y — Y)?2} is a minimum.

Additional notation is needed to present the results. For the model specified by (1) and
(2) define the n x (p+ 1) dimensional matrix C and the p + 1 dimensional vector ¢ by

I =r ... (=r)P

I —r+1 ... (=r+1)
1 r—1 (r—1)
1 r rP

and ¢ = (1,0,...,0)T. As well, define the n x (¢ + r + 1) matrix L; and the n x (r — q)
matrix Lo by the relation
I=[Ly, L. (17)

We now establish the following result.

Theorem 1 Let y; follow the local dynamic model specified by (1) and (2). Given § =
(6—ry---,6:)" and observations Yi_r, ..., Yirq for 0 < q <, the BLUP of ¥\ _, 0sysss is
S Uusyis where u = (u_y, ..., u,)" is given by

u =L (I- GLy(LIGL,) 'L])6.
Here
G =E;' - E['C(C"E{'C)"'C"E{",
E; is given by (14) and C is given by (16).

In particular the BLUP of >2%_ . 0syi+s 1S given by >0 0sYi+s where §yis is the BLUP
of Ypys for ¢ < s < r and yiys otherwise.

Proof For Y = S, usYirs to be an unbiased predictor of Y = 37__ dsys4s the us
must satisfy

a o
Zsjus:ZsJ(Ss (0 <j<p). (18)
Given (18)
Y-V = Z Vs (s — &t + €rps)
where 5 ( )
_ s — Us -Tr S B S q
vs_{és (g<s<r) (19)
and .
> sl =0 (0<j <p). (20)

In terms of the v, these conditions can be written as

LIv =Ly, C’v=o0 (21)



where v = (v_,,...,v,)" and C is given by (16). We now need to minimise
E{Y = YV)} =vT (0’ T+ Q)v=v"Ev (22)
subject to (21).

Using Lagrange multipliers, optimising with respect to the wv,, and incorporating the
constraints (21) yields the equations

v = E['Cu+E['Ly
LIE'Cu+LIE['Lyy = L6
C'E['Cu+C'E'Loy = 0
where pu, v are the vectors of Lagrange multipliers. These together with (19) yield
u=L"(I- GLy(L!GL,)"'LY)s
as stated.

Now the BLUP of y;,, is obtained by setting 6 = 0 with the exception of the s-th element
which is set to unity. Then the BLUP of y;, is given by

- _ s (-r<s<gq)
T BTy (a<s<r)
where h; is the s-th column of —L] GLy(LIGLy) 'L and y = (Ys—r,. - -, Y1+q)" . Thus,

for arbitrary choice of ¢,
q

> ugyrs = 67 (I— GLy(LiGL,) 'L) Ly

s=—r
r
= Z OsYt+s

s=—r
as required.

|

Replacing the arbitrary d, by the weights w; of the central moving-average trend filter
yields the following result.

Corollary 1 Let y; follow the local dynamic model specified by (1), (2) and let w de-
note the vector of weights wy for the central filter used in the body of the series with the
ws satisfying (7). Furthermore let §, = Y i__, usyirs be a linear unbiased predictor of
> WsYps with the u, satisfying (11). Then, for 0 < ¢ < r, the values of us that
minimise R, subject to (11) are given by Theorem 1 with 6 =w and

q

T
Z UsYt+s = Z WsYt+s-

S=—r §=—T

Here ;.5 is the BLUP of y;ys for ¢ < s < r and yirs otherwise.

Proof When 6 = w the conditions (11) and (18) are equivalent since the w; satisfy
(7). From Theorem 1, the BLUP predictor of }-7_  wyy;4s is given by >0 wgfs and
this minimises E{(X!_ , wsyirs — §:)*} = R, as required.

a

Because of their dependence on BLUP predictors we shall henceforth refer to the end
filters specified by Corollary 1 as BLUP end filters. The properties of these end filters are
investigated in Section 4.



3.2 Biased predictors

Again consider the situation where g; is a linear predictor of the form (10), but now no
longer required to be unbiased. Instead we require the bias to be time invariant in the
sense that it does not depend on the absolute time ¢ indexing the origin of the window,
whatever the parameters of the local dynamic model adopted. Unlike the end filters
based on BLUP predictors, the end filters we construct will no longer be independent of
these parameters. The requirement that the bias be time invariant does, however, lead to
relatively straightforward procedures for estimating the parametric quantities involved.
By virtue of the local dynamic models adopted, the end filters derived generalise and
extend the current X-11 end filters which were developed by Musgrave (1964) and placed
in a prediction context by Doherty (1991).

Following the development in Section 3.1 we first consider predicting ¥ = >7__ 05yits
using a linear predictor of the form Y = 37wy, where ¢ < r is given and the d;
are arbitrary known values. In general, the mean squared error criterion E{(Y —Y)?} is
given by

A~

E{Y —Y)?} = ( ZT: v;EYsys)? + Var{ ET: Vsliss} (23)

S=—T S=—r

where v is given by (19) with typical element vy = 6, — us; when —r < s < ¢ and d;
otherwise. The bias term in (23) can be written as

T T

p _ p pk ' T )
Z UsEyt—l—s = Z Vg Zﬁﬂ(t + S)J = Z(Z Bj—kk J+ka Z ’USS])tk (24)
S=—r s=—r 7=0 k=0 7=0 S=—r
and this will be invariant to the location of the window’s time origin ¢ when p = 0 or if
and only if
> sy =0 (0<j<p). (25)

when p > 0. Note that (25) is equivalent to

r

i sug = Y 876, (0<j < p). (26)

S=—7r S=—T

If p > 0 and the u, satisfy (26) then

Var{ i vsYrrs t = E{( i Vs(&vs — & + €145))°}

S=—r S=—r

and (23) becomes

E{(Y -Y)?} = B2( Y] sPvs) + Vv Eyv (27)
with v given by (19) and E; = 0*T+ Q as in (14). As before, it is desirable for the mean
squared error E{(Y — Y)?} as well as the bias to be time invariant.

However, as indicated in the discussion following Theorem 3 in Gray and Thomson (1996),
this will only be the case if (20) holds and the levels of integration of the random walk
components that make up & do not exceed p+ 1. Here the v, satisfy (25) rather than (20).
Thus, to ensure that the mean squared error for the biased predictors is time invariant,
we need to impose the stronger condition that the levels of integration of the random walk
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components that make up & do not exceed p. In the case where p = 0 this necessarily
leads to the requirement that & = 0 and so (27) continues to hold for p = 0 with E; = oL

These observations lead us to consider a restricted local dynamic model for the window
centred at ¢ where the levels of integration of the random walk components that make up
& do not exceed p. For such a model we define Y to be the best linear time invariant
predictor (BLIP) of Y if the u, are chosen to satisfy (26) and the mean squared error
criterion E{(Y —Y)?} is a minimum. Thus the expected prediction error E(Y —Y) and
the mean squared error E{(Y —Y)?} do not depend on ¢ whatever the parameters of the
local dynamic model concerned.

Theorem 2 Let y; follow the restricted local dynamic model specified above and let Y =
S OsYirs where 6 = (0_p,...,0.)T is known. Given observations y;_,,...,Ysq and q
satisfying 0 < q < r, the BLIP of Y is Y = YU usysrs where u = (u_,, ... L ug)T s
given by

u=LT(I- GL,(LIGL,) L)
with

G = E'-E['C, ,(C}

p—

1E1_1Cp71)_ICT

p—

B
Here
B E; + 8Jc,c)  (p>0)

o’1+ Bicoed (p=0)
and By is as given by (14). The n x p matriz C,_; and the p dimensional vector c, are
defined implicitly by the partitioned matriz

C= [Cp—l’ Cp]
where C is given by (16) and C,_; is null when p = 0.

In particular the BLIP of 37__, 0sYits @5 given by 3. __ 0sYis where Yyis 15 the BLIP of
Yirs for ¢ < s < r and y; s otherwise.

Proof The proof of this result proceeds in much the same way as Theorem 1. Consider
first the case p > 0. Using Lagrange multipliers we optimise (27) subject to (26) and obtain

v = E;lcp,m + EflLQV
LIET'Cpip + LIET'Lyy = LLS
C,_E{'Cpin+C,_E{'Loy = 0

where u, v are the vectors of Lagrange multipliers. Solving these equations together with
(19) yields the stated result. The case p = 0 follows similarly.

Setting 6 = 0 with the exception of the s-th element which is set to unity, we see that the
BLIP of 3 is

~ . yt—l—s > 9 X
Yt+s = { s <)

(—
(¢ <
where h; is the s-th column of LTGLQ(LTGL )7'LT and y = (Y4 vy -, Yirq)' . Thus,
for arbitrary choice of ¢,
q

3" usyers = 0T (I — GLy(LY GLy) 'L Ly = Y 65014

s=—r s=—r

r<s<gq)

as required.



Note that the BLIP predictor given by Theorem 2 has the form of a shrinkage estimator
since it is exactly the same as the BLUP predictor given by Theorem 1, but with E;
replaced by E; + Bgcpcg and C replaced by C,_;. Indeed, when 3, = 0, the BLIP
predictor becomes the BLUP predictor for the reduced model where g, is replaced by

g:{zg_é it + & (p>0)
o (p=0) "

but & and ¢; remain the same.

We now return to the minimisation of the revisions criterion R, given by (8) where the
ws are the known central filter weights that apply in the body of the series and the w;
satisfy (7). Given a restricted local dynamic model, we choose to predict Y7__ . wsysis
by a linear predictor g of the form (10) subject to the requirement that the bias of g; is
time invariant. The latter quantity is given by (24) with ws; = d5 (—r < s < r). Thus,
from (26) and (27), §; is a linear time invariant predictor of > wgys, s if

q q
> u, =1, > su, =0 (0<j<p) (28)

s=—r s=—r
when p > 0 and, for p > 0,

q
R, =B2(>_ s°v,)* + v Epv (29)
with . ) g )
2 P 2 _ ﬁp( §=—r Spus) (p > O)
sPv,)” =
B = By 620
Here v is given by (13) and R, is also time invariant. This leads to the following result
which is a direct application of Theorem 2.

S=—T

Corollary 2 Let y; follow the restricted local dynamic model specified in Theorem 2 and
let w denote the vector of weights w, for the central filter used in the body of the series
with the wy satisfying (7). Furthermore, let §, = Y t—_, usysrs be a linear predictor of
>, WsYrrs With time invariant bias so that the ug satisfy (28). Then, for 0 < g <,
the values of us that minimise Ry subject to (28) are given by Theorem 2 with § = w and

q

T
Z UsYt+s = Z wsﬁt—ks-

S=—T S§=—T

Here 4y, s is the BLIP of ys.s for ¢ < s <r and y;s otherwise.

Because of their dependence on BLIP predictors we shall henceforth refer to the end filters
specified by Corollary 2 as BLIP end filters. Their properties are investigated in Section 4.

Now E;/0? does not depend on o2 and E; need only be known up to a constant of
proportionality. Thus, unlike the BLUP end filters specified by Corollary 1, the BLIP end
filters specified by Corollary 2 can only be made operational when 53 /o? is known. Since
this will rarely, if ever, be the case, estimates of ﬁg /o? of one form or another need to be
determined from the data. Such estimates will, necessarily, differ from their true values
and it is therefore important to determine the effects of mis-specification of 53 /o?. This
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issue is addressed below in Theorem 3 and also Section 4 where the properties of these
end filters and the estimation of 57 /0 are discussed.

Note that Corollary 2 yields the X-11 end filters derived by Musgrave (1964) and Doherty
(1991) when & = 0, p = 1, 87 /0* = 4/(n(3.5)?) and w contains the Henderson central
filter weights. (See, for example Henderson (1924) and the alternative derivations given
in, e.g. Kenny and Durbin (1982), Gray and Thomson (1996).) Thus Corollary 2 provides
a generalisation and extension of the current X-11 end filters.

The following result considers an alternative form of the BLIP end filters given by Corol-
lary 2 which explicitly builds on the corresponding BLUP end filters given by Corollary 1.
In addition the result provides a means of exploring the effects of mis-specification of

ﬁg/O'Q.

Theorem 3 Let y; follow the restricted local dynamic model specified in Theorem 2 and
let w denote the vector of weights wg for the central filter used in the body of the series with

the ws satisfying (7). Given observations Y, . .., Yirq and q satisfying 0 < ¢ <r, let g, =

_ us(@)ysrs be a linear predictor of Y0__ wsysys where u(@) = (u_r(P), ..., uy (¢))T

1s defined for every scalar ¢ by
u(¢) = L (I - GLy(L; GLy) 'Ly ) (W + ¢7)

and
v=E'C(CTE'C)~1d.

Here Ly, Lo, G, Ey and C are as given in (17), Theorem 1, (14) and (16) respectively,
and the p+ 1 dimensional vector d is zero save for the last element which is unity. Then
(a) §i(®) is a linear time invariant predictor of 35 _, wyers with squared bias 3¢* and

the us(¢) satisfy (28) when p > 0;

(b) the revisions criterion R, is given in this case by

Ry(¢) = w'Hw + 2¢7"Hw + ¢*(8; + d" (C"E;'C)~'d + 7" Hy)

where
H = Ly(LIGL,)'LZ;

(c¢) the optimal end filters of Corollary 1 and Corollary 2 are given by u(0) and u(gpo)
respectively where

vIHw

%0 = 2+ d7(CTE;'C)~'d +7"Hy

minimises Ry(®).

Proof First observe from Theorem 1 that g:(¢) is the BLUP of >0 (ws + ¢Ys)Yits
and CTv = d so that

q q
Zspf)/szla Zsj’Ys:O (0S3<p)

S=—T S=—r
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Thus, from (18),

. = 1 (j=0)
> Su6) = Y (w,+ o) { 0 (0<j<p)

s=-r =T ¢ (j=p)

when p > 0 and >7__, us(¢) =1 + ¢ when p = 0. Moreover

E{ i WsYt+s — gt(¢)} = _(b i fYSE(yt-f—S) = _¢ﬁp

since C*y = d. This establishes (a).
Now, from (29) and (13),

Ry(¢) = B;¢" + v Erv
where

v =w — Lju(9).
Noting that LT (I — GH) = 0 we can write v as
v = w— (I-GH)(w+ ¢v)
— GHw — ¢(I— GH)y (30)

and R,(¢) becomes

R,¢) = wTHGE,GHw — 2¢7" (I - HG)E,GHw
+¢%(82 +7"(I - HG)E (I - GH)Y"). (31)

Since GE;G = G, HGH = H and 77E,;G = 0, the above now reduces to the expression
for R,(¢) given by (b).

From the form of u(¢) it follows directly that u(0) is the optimal end filter given by
Corollary 1. All that remains to prove is that u(¢@o) is the optimal end filter given by
Corollary 2. Consider again minimising (29) with respect to the u; where now v is defined
by (13) and the uy satisfy (28) if p > 0. This is equivalent to optimising

R, = B> + v Ev — 2" (CTv + ¢d) — 207 L (v — w)

with respect to v, ¢ and the Lagrange multipliers u, v. Here ¢ is a function of v defined
by

¢ — _ i SPUS — { Eg:—r SpUs (p >0 (32)

s=—r Us — 1 (p:O

— —

S=—T

where the latter equality follows from (7) and (13). Optimising R, first with respect to
v, p and v we obtain the equations

v = E['Cu+E['Lywv
LIE'Cu+LIE'Lyyv = Liw
CTE'Cu+CTE 'Ly = —¢d
and these, together with (13), yield u = u(¢). Substituting this solution back into R,

gives R,(¢) which must now be optimised with respect to ¢. Since R,(¢) is a quadratic
in ¢ and takes its minimum value when ¢ = @, result (c) follows.

|
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An immediate consequence of Theorem 3 is that end filters based on BLIP predictors
will generally have smaller mean squared revisions than those based on the corresponding
BLUP predictors since R,(do) < R,4(0). Moreover

(v Hw)”
52 +dT(CTE;'C) id + 17 Hy
= Ry(0) — |golly" Hw|

Ry(¢9) = w'Hw—

so that Ry(¢o) is a monotonically increasing function of 52/0® and a linearly decreasing
function in |¢p|. In particular

lim R «(00) = R,(0), lim  ¢y=0

BL/o?— B2/o2—00

so that BLIP end filters converge to their corresponding BLUP end filters as ﬁj /o? in-
creases. The best possible mean squared revisions are achieved when ﬁz /o? = 0. Then
R,(¢o) is least and, as noted following Theorem 2, the BLIP end filters become BLUP end
filters for the local dynamic model with order p — 1, but the same stochastic structure.

From the representation (30) and the properties of G and H, observe in passing that
T
cov{ Y WsYrss — Z WsYrrs — Gi(¢0)} = wHW + ¢oy" Hw = Ry(¢o)
s=—r s=—r
so that the normalised quantity

[v"Hw]|
wlHw

— |0l

represents the regression coefficient of the BLIP revisions Y%_ . wsyirs — Gi(do) on the
BLUP revisions > wsyi+s — G+(0). Moreover, as noted in the proof to Theorem 3,
Gt(¢) is the BLUP of 37 wsys + @0, YsYrss. Here 30 v,ys.s is the best linear
unbiased estimator (BLUE) of /3, given vy, ..., Ytir-

Both the BLIP and BLUP end filters are dependent on the global parameters specified by
p, n and the model for & /0. Although these global parameters are sufficient to determine
the BLUP end filters, the BLIP end filters further require knowledge of 37 /o®. The latter
is a function of local parameters whose values will not normally be known in practice
and which will need to be estimated from the data. In this case it is possible that a mis-
specified value of ﬁg /o? could result in a BLIP end filter which has greater mean squared
revisions than its corresponding BLUP end filter.

Now §(¢o) depends only on (2/0® through ¢ which is a one-to-one function of 32/0°.
Thus Theorem 3 enables us to consider the effects of mis-specification of ﬁz /o?. Let QASO
denote ¢y evaluated at Bg /5%, some estimated or target value of 32/0”. Then, since R,(¢)

is a quadratic in ¢, it is evident that Ry(do) < R,(0) if and only if ¢ lies between 0 and
2¢9. The BLIP end filters will therefore have better mean squared revisions than their
corresponding BLUP end filters when

2 2
”<26

- + (d"(CTE;'C)"'d + y"Hy) /o (33)

In particular, since R,(¢o + ¢) = Ry(¢o — ¢), it is sufficient to select Bg /62 so that ¢
is between 0 and ¢ or, equivalently, 53/62 > f2/0*. In practice this choice should
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lead to values for 53 /6% that, if anything, over-estimate 3}/o* thus controlling the mis-
specification error by shrinking the BLIP end filter towards its BLUP counterpart. Note
that if 37/ > B2/0* then

i . Po . o

Gi(do) = (1 = ==)5:(0) + —=G(o) < —=<1)
b0 b0 bo

so that §,(¢o) is a convex combination of the two optimal end filters.

do

The properties of these end filters are investigated in Section 4.

4 Properties of the Filters

This section considers the properties of the end filters specified by Corollary 1 and Corol-
lary 2 which are designed to minimise the expected mean squared revisions between the
output of these filters and that of the central filters on which they are based. These end
filters deal with a transition problem that ultimately goes away as the current time points
are subsumed into the body of the series. The minimum revisions criterion therefore
provides a measure of the total cost of this transition.

We restrict attention to the important case where the window is of length 13 with r =
6 and the central filter used in the body of the series is the central Henderson filter.
This case is the default used in the X-11 or X-12-ARIMA seasonal adjustment programs.
Furthermore, we focus on two particular local dynamic models likely to be used in practice.
These are the local linear model (p = 1) given by (3) and the local quadratic model (p = 2)
given by (4).

Three end filters are considered: the BLUP end filter (or BLIP end filter with 32/62 = o),
the BLIP end filter with 35/62 = 4/(n(3.5)?) (this gives the X-11 end filter in the case
where p = 1 and A = 0), and the BLIP end filter with 33/62 = 0. As noted in the
discussion following Theorem 3, the smallest value of R,(¢) is achieved when ¢ = ¢, and
B2/o? = (2/5% = 0. Also, if 32/62 is chosen so that (33) is satisfied or 32/5% > B2/0?,
then the largest value of R,(¢) is R,(0) which is the minimum revisions value for the
BLUP end filter. These values serve as useful bounds for R,(d).

To provide a range of possible values of ,35 /o? we briefly consider the so-called I/C ratio
used by X-11 to specify the length of the trend moving-average adopted. Here I and C
are the respective averages of the absolute values of the month to month changes in the
(estimated) irregular €; and trend g;. Thus the I/C ratio measures the importance of
month to month changes in ¢; relative to those in the trend g;. X-11 recommends that the
central 9 point Henderson filter be used when I/C < 1, the central 13 point Henderson
trend filter when 1 < I/C < 3.5, and the central 23 point Henderson trend filter when
I/C > 3.5. Following Musgrave (1964) and Doherty (1991) we consider the local linear
model and

I E|Ae|

C  ElAg
which can be thought of as the population parameter that I/C is estimating. Under
Gaussian assumptions

(34)




where B, = f;/0 and ®(z) is the standard normal cumulative distribution function.
Simple evaluations show that the values of 3 /o® for which 1 < I/C < 3.5 lie in [0,4/7].
This is the interval of values for 52/0? that we choose to adopt.

We now examine the mean squared revisions of the given end filters for 55 /0 in [0,4/7].
Note that it is sufficient to consider the extremes of this interval since, from Theorem 3,
R,(¢) is linearly increasing in 5; over the interval for given ¢. The mean squared revisions

criterion R,(g)/0? is plotted in Figure 1 as a function of ¢ for a selection of models and
for the particular end filters considered.

As expected, the mean squared revisions are greatest when ¢ is least with ¢ = 0 yielding
the greatest revisions followed by ¢ = 1. The mean squared revisions for the other values
of ¢ are negligible by comparison. Although not apparent on this scale, R,(¢o)/o? is not
necessarily a monotonic function of ¢q. For example the local quadratic model yields mean
squared revisions when ¢ = 2 that are typically smaller than those for ¢ = 3. This is a
consequence of the shape of the central Henderson filter adopted.

If Bg /62 has been selected appropriately, Rq((zASo) /o? will be bounded above by the mean
squared revisions for the BLUP end filter and below by the mean squared revisions for
the BLIP end filter with 52/0* = /3’3 /62 = 0. These bounds are plotted in Figure 1 and
show that there are gains to be had using BLIP end filters, although these are likely to
be modest in the case of the local linear model. As evident from the form of R,(¢)/0?
given by Theorem 3, the gains are greatest when 53 /o? is least.

Note that the mean squared revisions generally increase as A and p increase. This is of
marginal utility in practice, since the local dynamic model chosen is determined from the
particular time series concerned. However it is possible that a local linear model with
large A might describe a time series as well as a local quadratic model with small A. From
Figure 1 it would appear that, in such cases, the BLIP end filter for the quadratic model
may have greater capacity to achieve lower revisions.

Consider now the BLIP end filters based on the X-11 value 32/62 = 4/(r(3.5)?). For the
local linear model, these end filters appear to offer only marginal gains over the BLUP
end filters when 55/02 satisfies (33). In the local quadratic case, they are clearly too

conservative and a lower value of Bg /62 might more profitably be considered. For both
models, the upper limit of Bz /o? = 4/7 for these particular end filters lead to end filters
with unacceptably high revisions. This may explain, in part, the reason why forecast
extension using ARIMA models has largely superseded the use of the X-11 end filters
in practice. The former yield (global) BLUP end filters with properties that one might
expect are close to the (local) BLUP end filters considered here. On the other hand, for
the local linear model, the I/C guidelines imply that the X-11 end filters are inflexibly
applied whenever 37 /o satisfies 37 /0 < 4/m rather than (33).

It is of interest to consider the ranges of values of (|3,]/5, |8,/o) that satisfy (33) and to
ascertain the general shape of R,(¢o)/c? as a function of (|5,]/5,|8,|/c) or, equivalently,
(B2/5%,82/0%). Plots of the lines

32
3135 1 @r(creoyia sty
o o
are given in Figure 2 for ¢ = 3, ¢ = 0 and the local dynamic models (3) and (4) based
on the central Henderson filter and selected values of A\. From (33) the BLIP end filters

have better mean squared revisions when (|3,|/3, |8,|/c) lies below the lines. For large
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Figure 1: Plots of the mean squared revisions criterion R,/c? for the BLIP end filters
based on the central 13 point Henderson filter and the local linear and quadratic models
specified by A and p. The solid lines correspond to the BLUP end filters or the BLIP end
filters with 37/6% = co. The dashed lines correspond to 57/6% = 4/(w(3.5)?) (this value
gives the X-11 end filters when p = 1, A = 0) in the two cases where /0> = 0 (lower
limit) and 32/02 = 4/ (upper limit). The dotted lines correspond to 42/6% = 0 in the
case where 53 /o? = 0. This is the BLUP end filter for the reduced model of order p — 1
and represents the best mean squared revisions possible.
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values of |3,|/& the BLIP end filters approach the BLUP end filters and the boundary
becomes |B,|/c = v/2|B,|/6. However, for smaller values of |3,|/& a somewhat greater
range of possibilities is evident, especially for the larger values of A\. There is less latitude
when p = 2 as might be expected. Given a range of (time-varying) values of |3,|/co one
would wish to select |3,]/6 as low as possible in order to maximise the gains in terms of
expected revisions.

Now consider Figure 3 which plots Ry(¢)/R,(0), the mean squared revisions of the BLIP
end filters normalised by the mean squared revisions of the BLUP end filters, as a function
of (|Bp|/&, \Bpl/0). Here only ¢ = 0 is shown and the BLIP end filters are based on
the local dynamic models (3) and (4), the central Henderson filter and selected values
of A, |B,|/o. Given |B,|/6, it follows from Theorem 3 that the normalised revisions
R,(0)/Ry(0) increase quadratically with increasing |3,|/o. From the plots and Theorem 3
a three dimensional picture of Ry(¢q)/R,(0) can now be visualised. Looking out from
the origin along the line |8,|/0 = |B,]/6, Ry($o)/Rq(0) has the appearance of a rising
valley with a sharply increasing left hand side (representing the unacceptably high mean
squared revisions incurred when (|3,|/8,|8,|/o) does not satisty (33)) and a right hand
side that levels out at the BLUP limit R,(0)/R,(0) = 1. Note that the optimum mean
squared revisions R,(¢o)/R,(0) occur when |3,|/o = |f5,|/6 and, as noted in the discussion
following Theorem 3, R,(¢o) is a monotonically increasing function of |3,|/o. Clearly the
greatest gains are to be had when 2/0* and hence BI% /6% are small.

If the BLUP end filters yield results that are comparable to ARIMA forecast extension,
then it would appear that judiciously selected BLIP end filters may offer modest perfor-
mance gains in terms of improved revisions. However the price of this improvement is a
better understanding of the time varying values of 3 /0.

5 Practical Study

The outcomes of a preliminary study on selected official time series where the end filters
given by Corollary 1 and Corollary 2 were compared with X-11 end filters and ARIMA
forecast extension were reported in Gray and Thomson (1996). In this section we shall
discuss salient features from that study and illustrate how the theoretical properties men-
tioned in the previous section are realized in practice.

5.1 Description of the time series

All the time series we examined were seasonal and some of them had large outliers.
Since the trend filters under study are for non-seasonal time series and have not yet been
modified to handle outliers, the first task in this analysis was to remove the seasonal
component and large outliers from the time series so that we could examine the relative
performance of these filters. For simplicity we used the modified seasonally adjusted
series from the X-11 seasonal adjustment method as the data for this study. We chose
a window of the series which we believed would give a good X-11 decomposition. Other
than choosing the commonly used limits of 1.8 and 2.8 for treating outliers we used the
default options of X-11 to produce the seasonally adjusted data.

The resulting non-seasonal times series presented different types of short and long term
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Figure 2: Plots of the lines in the (|3,|/4, |8,|/o) plane below which BLIP end filters have
better mean squared revisions than BLUP end filters. Here the BLIP end filters are based
on the central 13 point Henderson filter, and the local linear and quadratic models are
specified by p and A. The solid lines correspond to ¢ = 0, the dotted lines to ¢ = 3 and
the dashed line to the case |3,|/o = |B,|/6 when the optimum revisions are achieved for
a given value of |8,|/o. The vertical dotted line is | 3,|/6 = /4/(x(3.5)2), a value derived
from recommendations made by X-11 concerning I/C ratios.
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Figure 3: Plots of Ry(d)/Ry(0), the mean squared revisions of the BLIP end filters
normalised by the mean squared revisions of the BLUP end filters, as a function of
(18,1/8,18,//7). Here ¢ = 0 and the BLIP end filters are based on the local linear (p = 1)
and quadratic (p = 2) models, the central 13 point Henderson filter and selected values
of \, |B,|/o. For given |B,|/6 the normalised revisions Ry(do)/R,(0) increase quadrat-
ically with increasing |B,|/o. The solid lines correspond to (2/0® = 0 (this yields the
best mean squared revisions possible for any given value of Bz /6?), the dotted lines to
B2/o* = 4/(m(3.5)%), the dashed lines to 32/0® = 4/ and the vertical dotted line to

1B,/ = \/4/(7(3.5)2). These values are derived from recommendations made by X-11
concerning I/C ratios.

19



trends and their local dynamic models included random walk components with a range
of variances. In this section we shall discuss three monthly series representing this range
of trend behaviour. These are as follows.

Building Permits New Zealand data from January 1985 to December 1992 on the num-
ber of Building Permits issued by Local Authorities for the construction of private
houses and flats. This subset of the data was chosen in order to get a consistent
series where, for example, there was no Government intervention in Housing Policy.

Merchandise Exports New Zealand data from January 1986 to December 1992 on the
value of Merchandise Exports. This subset of the data was chosen in order to get a
consistent series where the economy had adjusted to the impact of deregulation in
the mid 1980s.

Permanent Migration New Zealand data on the Net Permanent and Long Term Mi-
gration from January 1982 to December 1992.

5.2 Fitting the Local Dynamic Model

Recall that the parameters of the local dynamic model are the window length n = 2r +1,
the order of the polynomial p, and a value of A. To study the filters based on the local
dynamic model all these parameters must be determined from the data, although to some
extent the choice of n will be be influenced by the overall objectives of the smoothing.

Typically n and p are identified from a simple graphical analysis of the data although
more formal methods could be used. Given n and p, there are a variety of methods for
determining A. These range from trial and error and simple variational arguments based
on quantities like X-11’s I/C ratio, through to likelihood analysis based on fitting the
local dynamic model within non-overlapping windows, etc. Which approach turns out to
be most useful is still very much an open question and the subject of further research.
Here we adopted a simple and direct method of estimating A that took advantage of the
unbiased BLUP predictors.

Consider the family of BLUP end filters based on Corollary 1 for a given central filter and
given values of n and p. Note that since these end filters are unbiased they depend only
on g and A. Applying the end filters to the data yields the revisions

r q
(g, \) = Zwsyt-l-s - Zus()‘)yt—f-s

where the w, are the given central filter weights and the u,(\) are the BLUP end filter
weights given by Corollary 1. An appropriate cost function such as

P= o) (35)

q=0
can now be constructed with the given positive weights o, reflecting the relative costs of
the respective revisions. Finally ) is determined by minimising P with respect to A.

For our study n = 13, p = 1 and the central filter chosen was the central Henderson
filter. Moreover we chose ap = 1 and o, = 0 for ¢ # 0 yielding a cost function which
focused on the case of worst revisions. However, other central filters and other values for
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the oy could have been chosen and would lead to different results. Again, more research
is needed, but it is believed that the results presented here are indicative of what might
be achieved more generally. With these caveats, this procedure was applied to Building
Permits, Exports and Permanent Migration, yielding values for A of 0.046, 0.52, and 3.8
respectively.

Finally we consider the estimation of the ratio |5,|/o which involves the local parameters
B, and o. Although local estimates of |3,|/0 should be explored in order to minimise
revisions from BLIP end filters, this option was left for further study. Instead we adopted
the more conservative strategy of estimating a common value for |3,|/c for each of the
series considered.

To determine a global value for | Bp| /¢ from the data we adopted a similar approach to
that used for determining A, but now focused on the BLIP end filters given by Corollary 2.
Here we determined the revisions

Qa |Bp|/o' ZwsyH—s Zus(‘ﬁp‘/‘a’)yt—ks

where the w, are the known central filter weights, the wu,(|3,|/&) are the BLIP end filter
weights given by Corollary 2 and n, p are given. The value of X is set at its previously
estimated value. Now the cost function P given by (35) with r; replaced by 7; can be
evaluated and minimised with respect to |3,|/4.

As before we chose ag = 1, oy = 0 for ¢ # 0 and set n = 13, p = 1 with the central
filter chosen to be the central Henderson filter. Minimising P in this way for Building
Permits, Exports and Permanent Migration, yielded global values for |3,|/& of 0.22, 0.3,
and 0.32 respectively. By contrast, the X-11 value for |3,|/& is 0.322. As was noted before
in relation to the estimation of A, different central filters and different values of ¢, could
have been chosen and would give different results.

5.3 Comparative Performance

In this subsection we consider the comparative performance of the BLIP, BLUP, X-11
and ARIMA forecast extension filters on the data sets under study. Here, as before, the
window length is n = 13 and only the local linear model (p = 1) is considered with A
and a global value for |3,/ determined by the methods described in Section 5.2. As
mentioned in that section, a more appropriate procedure would have been to determine
local values for |3,|/& and use these in the BLIP end filters. However this was not done
and remains a topic for further research. It might be expected that the use of local values
for | ﬁp\ /6 would lead to BLIP end filters with improved performance over those using a

global value for |,|/6.

The following empirical comparison of the competing end filters was undertaken. First,
for each local window we calculated the trend for the central point of that window using
the central filter (5). Next, for each ¢ and for each local window, we calculated the trend
using the appropriate end filter. For the BLUP and BLIP cases, this meant predicting the
trend as in (10), where the us are the weights of the end filter determined by Corollary 1
and 2 respectively. For the X-11 case the standard X-11 end filters were applied. Recall
that these are given by Corollary 2 using the central Henderson filter, ﬁz /6% =4/(m(3.5)?)
and the local linear model with A = 0. For the ARIMA forecast extension case this meant
predicting the trend as in (9) with y;s now predicted using a global ARIMA model fitted
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to all the data available up to and within the local window. Finally, for each of these
methods, the differences between the central filter trend estimates and the end filter trend
estimates were calculated to give the revisions which occur as predictions of missing data
are replaced by their actual values. Boxplots of the absolute value of the revisions are
given in Figure 4.

Further comments about the ARIMA forecast extension case are in order. We note that
the resulting end filter is essentially that proposed in Dagum (1996) and, by contrast to
the BLIP and BLUP end filters which use only observations within the local window,
the ARIMA forecast extension end filter involves the available observations within the
window and, in principle, all previous observations as well. To obtain appropriate ARIMA
model parameters we fitted global ARIMA models to all the data. This was done for
reasons of simplicity and to provide stable estimates. However, it puts our procedure at
a disadvantage since the ARIMA global models are taking advantage of future values,
which is not possible in practice. Using the AIC criterion and other standard diagnostics
we selected ARIMA (0,1,1) models for Building Permits and Permanent Migration, and
an ARIMA (2,1,0) model for Exports. Other global predictive models could have been
chosen instead of ARIMA models including structural unobserved component models such
as those given in Harvey (1989). However, this has not been investigated, in part because
these particular models are a subset of the more general ARIMA model class considered
here.

In accord with the discussion of the theoretical properties of these filters, Figure 4 shows
that the greatest revisions and spread of revisions occurred when g = 0 followed by ¢ = 1.
It is not clear in making comparisons whether one should focus on the median or the lower
quartile of the distribution of the revisions, or the upper quartile or the interquartile range,
or even the outliers. Depending on the cost function associated with revisions, a case can
be made for each of these. Here we focus on the median because that provides a robust
estimate of the square root of the mean squared revisions (up to a scale factor). The mean
squared revisions criterion was used to evaluate the theoretical performance of the filters
in Section 4. To further assist comparison, Table 1 provides the values of the medians for
each of the series for the various values of q.

As expected from Theorem 3, the BLIP end filters where |3,/ is determined from the
data generally have smaller revisions than BLUP end filters and smaller revisions than
the Musgrave end filters used in X-11. (These are BLIP end filters based on the central
Henderson filter, a local linear model with A = 0 and $2/62 set to 4/(m(3.5)%).) For the

Exports and Permanent Migration series, although the choice of |§,|/6 is similar to the
X-11 value, the value of A\ used in the X-11 end filters is inappropriate and so here, in the
main, the X-11 end filters have larger revisions than the BLUP end filters. For all cases
when ¢ = 0 and for Building permits and Permanent Migration when ¢ = 1, the BLIP
end filter with |5,|/6 determined from the data performed at least as well as if not better
than ARIMA forecast extension.

The results presented in this section are indicative and promising. A larger study is
being planned to validate these results more generally. In particular the study will also
check whether further improvement can be achieved by using local (adaptive) estimates

of |B,/6-
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Figure 4: The top, middle and bottom graphs are for the Building Permits, Merchandise
Exports, and Permanent Migration data respectively. Using the central 13 point Hen-
derson filter in the body and the local linear model, comparisons are made between the
various end filters and for the various values of g. The choice of A is determined by search-
ing for values which improve the revisions for the BLUP end filter for the ¢ = 0 case. The
choice of 55 /62 is determined by searching for values which improve the revisions given
A. Here L refers to the BLIP end filter based on the local linear model and the choices of
A and Bz /62 given in Section 5.2. Likewise, X refers to the standard X-11 end filter and
H refers to the BLUP end filter based on the local linear model. Note that the X-11 end
filters are BLIP end filters based on the central 13 point Henderson filter, a local linear
model with A = 0 and Bg/&z = 4/(7(3.5)?). Finally A refers to the filter obtained by using
the central filter with unavailable observations predicted by a global ARIMA model.
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Table 1: Medians of absolute value of revisions for various end filters.

Building Exports Permanent
Permits Migration
m d m d m d

qg=>5 1.8 -7.8 1503 21.0 3.7 -44.6
1.9 - 1242 6.6

1.9 -06 1562 25.7 4.3 -35.7
1.6 -15.0 1247 0.4 3.7 -43.9
42 -0.6 2804 25 104 -37.2
4.2 - 2737 - 16.5 -
4.5 6.7 2852 4.2 104 -37.0
3.3 -21.1 2827 3.3 104 -374
5.7 43 2379 -7.0 144 -26.3
6.0 - 2775 - 195 -
2.8 -2.1 2889 41 15.0 -23.1
4.7 -20.8 3299 189 139 -28.7
2.9 -0.5 3931 6.6 13.6 -8.2
9.9 - 3688 - 148 -
5.9 -0.7 3866 4.8 133 -10.6

5.0 -16.1 5557 50.7 13.6 -85
13.8 -3.1 13459 8.0 29.2 -348
14.2 - 12570 - 4438 -
13.9 -25 13534 7.7 307 -31.5
141  -1.1 11777 -6.3 29.3 -34.5
275 -9.3 19187 -274 713 -34.6
30.3 - 25472 - 108.9 -
32.1 5.7 21201 -16.8 73.2 -32.8
27.5 -9.2 20584 -19.2 749 -31.3

()
I
[N}
I XMTP>PIXOPPIXMO|P>PIXO|>PIXMOC|N>IXM

These abbreviations are used in the table above:
m  median of the absolute value of the revisions.

d percentage differences (on unrounded values) between the median for the standard X-11 end filter

and the medians for the other end filters. N
the BLIP end filter based on the local linear model and where the choices of A and ﬂf, /6% are given

in Section 5.2.
X the standard X-11 end filter, which is the BLIP end filter based on the central 13 point Henderson

filter and a local linear model with A = 0 and 87/6° = 4/(n(3.5)?).

H the BLUP end filter based on the local linear model.

A the filter obtained by using the central 13 point Henderson filter with unavailable observations
predicted by a global ARIMA model.
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